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An effective potential for longitudinal interactions between adjacent protofilaments in a microtubule is
introduced. Our proposed interaction potential is a periodic and continuous function of the offset between two
protofilaments, which also incorporates the bending energy of protofilaments. This potential produces the
results of atomistic simulations. Further, using the potential, a Monte Carlo simulation gives results for the
skew angles of observed structures that are in good agreement with experiments.
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I. INTRODUCTION

Microtubules �MTs� are ubiquitous in all eukaryotic cells.
MTs play key roles in maintaining and protecting the cell
structure, and are involved in various cellular processes such
as cell division �1�. Studying the MT structures has helped us
to better understand their stability, their functions, and their
impact on cellular activities �1–4�. Many MT structures have
been observed using various experimental methods varying
in resolution during the last decades �5–9�.

A microtubule is comprised of several protofilaments
�PFs� which are arranged on a hollow cylinder with 25 nm in
diameter. A protofilament is a polymer of heterodimers,
made with the globular polypeptides �- and �-tubulins �10�.
MT structures can be characterized by two numbers, N and s
indicating the number of constituent PFs, and the number of
helices occurring in each turn, respectively. In general, each
PF has a longitudinal offset with its immediate neighbors
resulting in a net offset s� /2 for a full turn around the cyl-
inder, where ��8 nm represents the longitudinal size of het-
erodimers and s is called helix start number. �11�. Under the
assembly conditions, the observed MTs usually consist of
either 13 or 14 PFs �N=13 or N=14� �12,13�, where the most
common MT structure which is called 13-3 B-lattice struc-
ture, consists of 13 nonskewed PFs with a helix start number
equal to 3. There is a seam on this structure where �- and
�-tubulins are bound laterally �4�.

Several findings using different in vitro methods such as
cryoelectron microscopy, have shown that MTs also as-
semble with other PF numbers ranging from 10 to 17, and
with helix start numbers ranging from 2 to 4 �9�. Moreover,
structures with more than one seam are rarely observed �14�.

Furthermore, in some of the rare structures, the PFs skew
by a small angle around the MT vertical axis �15�. Chrétien
et al. �4,15� have performed a series of experiments to deter-
mine the MT structures. They estimated the PF skew angles

with respect to MT axis by measuring the Moiré period,
LN−s, using a simple geometrical relation �4,15�,

sin��N−s� =
�0

LN−s
, �1�

where �0 is the separation between PFs. Chrétien et al. pro-
posed two models for the description of skewed MT struc-
ture. Their first model is lattice shear and the second is lattice
rotation �see Figs. 4–6 in Ref. �9��. Without having a func-
tional form for the interaction potential, they could not con-
sider the possibility of a combination of lattice shear and
rotation �15�.

A stochastic model by VanBuren et al. �16� has been in-
troduced to investigate the lateral and longitudinal bond en-
ergies within the MT lattice. Sept et al. �17� investigated the
stability of MTs by calculating the binding free energy of
adjacent PFs as a function of the longitudinal offsets using an
all-atomistic approach. To study the energetics of skewed
structures Hunyadi et al. considered contributions of three
relevant variables, i.e., PF skew angle, MT radius, and lon-
gitudinal shear in their expression for free energy �18�. Since
the deviations are small, they approximated all the potentials
by harmonic functions around their equilibrium. Recently,
Hunyadi and Jánosi have investigated the metastability of the
MTs by considering the superposition of a simple quadratic
bending with either a Lennard-Jones-like or a Morse poten-
tial �19�.

Here, we show that a minimal information about the
structure of the stable microtubules, with considering micro-
scopic symmetries of its building blocks, is sufficient to rea-
sonably model the longitudinal interaction potential between
successive protofilaments. The potential has a simple analyti-
cal form and mimics the main features of the more detailed
potential in Ref. �17� which considers both physics and
chemistry of the system. Further, we include a bending en-
ergy term in our model in order to quantify the configuration
energy of the skewed microtubular structures. We also show
that a simple quadratic bending energy has a power-4 form
dependence on the skew angle. A Monte Carlo simulation
shows that our potential is able to predict the skew angles
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and longitudinal offset of protofilaments in good agreement
with experimental results �15�.

In Secs. II and III we define the general form of our
interaction potential for nonskewed and skewed MT struc-
tures, respectively. In Sec. IV, a general form for the interac-
tion potential is introduced for 13-3 MT structure, and sev-
eral tests are presented to reduce the free parameters space.
In Sec. V, using annealing Monte Carlo method, we find the
skew angles of rare MTs.

II. MODEL FOR NONSKEWED 13-PF MICROTUBULE
STRUCTURE

We consider a set of N �=13� infinitely long filaments of
indistinguishable dimers �PF�. The longitudinal offset be-
tween successive PFs are our model variables, xi for i
=1,2 , . . . ,N �Fig. 1�. The periodicity in PFs allows us to
consider the xi values to be positive and restricted to the
interval �0,��. The periodic boundary condition on xi’s and
around the tube can be expressed as

�
i=1

N

xi = m�, m = 0,1, . . . ,N − 1, �2�

where m is the periodicity number. �In fact m is the helix
start number when the dimers are considered as constructing
blocks of the tube instead of the monomers.� Due to the
identical structure of the PFs, it is highly probable that some
xi’s become equal. It is convenient here to partition the set
�xi� to J subsets of equal values of xi, each having nl mem-
bers and identify a particular MT configuration with
�n1 ,n2 , . . . ,nJ�m notation, where �l=1

J nl=N. Therefore, based
on the new notation, the 13-3 B-lattice structure is referred to
as �12,1�2 B-lattice structure throughout our model.

We now introduce a simple interaction potential between
the adjacent PFs as a function of their offsets such that it

globally minimizes the energy for the �12,1�2 structure. This
is a global minimum condition. Note that the periodic struc-
ture of PFs along the MT axis ensures the interaction poten-
tial to be a periodic function of the longitudinal offsets. In
other words, u�x�=u�x+ p�� for any integer p. Here we ig-
nore the possible changes in the lateral separations between
adjacent PFs which are important when MT structure stabil-
ity and depolymerization are studied �16,19–21�. As a con-
sequence, in our model, the energy of an MT configuration is
only a function of offsets

E��xi�� = �
i=1

N

u�xi� . �3�

To find the ground state, one must find a set of xi’s that
globally minimizes the above energy. The minimum energy
condition can be obtained by setting the derivatives of
E��xi�� with respect to xi’s to be zero

d

dx�
	E��xi�� − �
�

i=1

N

xi − m��� = 0, � = 1,2, . . . ,N ,

�4�

where � is a Lagrange multiplier containing the periodic
boundary condition �Eq. �2��. Therefore, we have

u��t1� = u��t2� = ¯ = u��tN� = � , �5�

where the prime symbols refer to derivatives with respect to
x and the t’s are the x values in minimum energy configura-
tion. Equation �5� is a necessary condition for having local
minima, yet, it is not sufficient if one is looking for the
global minimum. We expect that the experimentally ob-
served �12,1�2 B-lattice structure, which hereafter is labeled
by ���, to be not only a local minimum configuration of MT,
but also its stable ground state �global minimum condition�.
To ensure that �12,1�2 B-lattice structure is indeed the global
minimum in our model, we should compare its energy, E���,
with the energy of all other minima, E��ti��. For �12,1�2
B-lattice structure we have

t1 = t2 = ¯ = t12 = t ,

t13 = t�. �6�

Therefore Eq. �2�, Eq. �3�, and Eq. �5� for �12,1�2 B-lattice
structure are written as

12t + t� = 2� ,

u��t� = u��t�� ,

E��� = 12u�t� + u�t�� = 12u�t� + u�− 12t� . �7�

Notice that the periodic condition has been applied when
deriving the interaction potential function of the last equa-
tion.

The periodic behavior of the interaction potential function
enables us to represent the function in the form of the har-
monic series

m�
�

1 2 3 4 5 6 7 8 9 10 11 12 13 1

x

FIG. 1. Flat representation of 13 PFs making a cylinder �as
viewed from inside the tube�. The arrow indicates the first PF offset.
Due to the periodic boundary condition the overall offset is an
integer �which is called here the periodicity number� times het-
erodimer size �Eq. �2��. Light pathway guides the eyes along a set
of positive and bounded xi’s. In this example m=5.
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u�x� = A0 + �
n=1

An sin	n
2�x

�
− 	n�� . �8�

The high frequency terms in the Fourier series introduce
wiggles to the function that are beyond the resolution of
feasible experiments. Therefore, we ignore high frequency
terms and try to find the simplest interaction potential, con-
sistent with the experimental results. The interaction poten-
tial gives us the global minimum for the most stable �12,1�2
MT experimental structure. Therefore, we start with the low-
est frequencies in Eq. �8� to find such an interaction poten-
tial.

Taking only the first Fourier term into account, we have

u�x� = A0 + A1 sin
2�x

�
− 	1� . �9�

Without loss of generality we set the first term equal to zero,
as it only introduces a constant shift to the energy levels. The
A1 coefficient only influences the scaling of the energy; it
does not affect the shape of the energy landscape or the
minimum energy configuration. Therefore, we can set it to
unity and find the interaction potential form in an arbitrary
energy unit. To fix A1 we need to incorporate the temperature
stability of different structures into our model similar to the
work done by Hunyadi et al. �18�. Consequently, for the
interaction potential in the first harmonic form, only one rel-
evant free parameter, 	1, is remained to set.

In Sec. IV we will show that this form of the interaction
potential cannot describe the global minimum configuration
of the �12,1�2 MT structure. Hence, we need to take up to
the second harmonic term into account as well, i.e.,

u�x� = sin
2�x

�
− 	1� + c sin	2
2�x

�
− 	2�� , �10�

where c=
A2

A1
. This interaction potential has three parameters:

	1, 	2, and c. Applying the local minimum condition in Eq.
�5� for the �12,1�2 B-lattice structure, one parameter can be
written in terms of the other two

c =
1

2 cos
2�t

�
− 	1� − cos
2�t�

�
− 	1�

cos	2
2�t�

�
− 	2�� − cos	2
2�t

�
− 	2��� .

�11�

Because of the periodic behavior of the cosine function, our
search spaces for both 	1 and 	2 are bounded. Note that
	2→	2+� /2 is equivalent to c→−c. Hence, 	2 is in
�0,� /2� range while 	1 can take any value in the range of
�0,2��.

To count the possible structures for the 13-PF microtubule
configuration according to our model, we can extend the pe-
riodicity relation as

n1t1 + n2t2 + ¯ + nJtJ = m�, �
l=1

J

nl = 13, �12�

where an occupation number, ni, refers to the number of PFs
having an offset equal to ti. In our notation, such MT con-
figuration is labeled by �n1 ,n2 , . . . ,nJ�m. Up to the second
harmonic term, according to Eq. �5� and Eq. �10�, ti’s satisfy

cos
2�t1

�
− 	1� + 2 cos	2
2�t1

�
− 	2��

= ¯ = cos
2�tJ

�
− 	1� + 2 cos	2
2�tJ

�
− 	2�� = � .

�13�

For small values of �, these trigonometric equations give rise
to at most four real values of ti. Hence, only four possible ni
values are meaningful. For large values of �, there exist no
real solutions. Therefore considering all possible permuta-
tions of ni’s, there are 35 configurations available for 13-PF
microtubules. Many of these configurations have not been
observed in vivo so, and even if one occurs, it must have a
greater configuration energy than �12,1�2 B-lattice structure.
This fact can be used, in Sec. IV, to confine the search space,
for the two remaining parameters �	1 and 	2� in Eq. �10�.

III. MODEL FOR SKEWED MICROTUBULE
STRUCTURES

To generalize the above energy model to the skewed MT
structures, we consider a set of N very long skewed PFs
which bundle to form a closed tube with periodicity number
m. Therefore, a skewed MT structure can be characterized by
the related offsets �xi� and the skew angle �. Also, we can
proceed with positive values of x, and either positive or
negative values of �. Two adjacent skewed PFs are illustrated
in Fig. 2. In the skewed MT structures, the new periodic
boundary condition is written as

�
x

FIG. 2. Two adjacent PFs skewed by an angle �.
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�
i=1

N

xi + N�0 tan��� = m� . �14�

The skew angle causes a uniform bend in PFs around the
tube. As explained in the Appendix, by considering an en-
ergy for small bending deformations as a harmonic function
of curvature �19,22�, one can find the bending potential as a
function of skew angle � for small angles �tan����sin���
���. Interestingly, the potential is proportional to the fourth
power of �. Thus,

E��xi�,�� = �
i=1

N

u�xi� + 

�4

N
. �15�

For a skewed MT structure 
 is a positive constant parameter
which refers to the bending rigidity of an individual PF. 
 is
an extra parameter to be determined. In contrast to �18� in
our model there is no energy potential term for the change in
MT diameter, instead we have included the contribution from
the curvature. By applying the appropriate periodic boundary
condition according to Eq. �14�, the minimization leads us to
the following equations:

u��t�� − � = 0, � = 1, . . . ,N ,

4
�3

N
− �N�0 = 0. �16�

Here t’s are the x values in minimum energy configuration
for the skewed MT configuration. These equations give rise
to an important relationship between the first derivative of
u�x� and 
,

u��t�� =
4
�3

N2�0
. �17�

The significance of this relationship is that it determines the
order of magnitude for 
 and enables us to compute its value.
Also, since 
 should be a positive constant, � and u��t�� must
have the same signs. Hence, according to our model, those
MTs with negative value of � have smaller longitudinal off-
set with respect to �12,1�2 B-lattice structure, that is, if �
�0 then t�� t and vice versa. This condition is consistent
with the experimental results �15�.

IV. INTERACTION POTENTIAL BASED ON (12,1)2

MICROTUBULE DATA

As mentioned previously, the global minimum of a pro-
posed interaction potential must correspond to the �12,1�2
B-lattice structure. Throughout the paper, we use experimen-
tally reported values ��=81 Å and �0=51.3 Å� for the
length and width of tubulin dimers, respectively. We also
consider t=9.35 Å for �12,1�2 B-lattice structure �15�. Con-
sidering the periodic boundary condition �Eq. �7��, it results
in the value t�=49.8 Å for the seam offset in the B-lattice
structure.

A. First harmonic term

We start with Eq. �9�. Applying the local minimum con-
dition from Eq. �5�, cos� 2�t

� −	1�=cos� 2�t�
� −	1�, fixes the

only free parameter of the model, i.e., 	1. Then,

	1 = �
t + t�

�
+ k�, k = 0,1, �18�

where k is an integer number. As can be seen from Fig. 3,
neither of the k values yield global minimum,

E = 12 sin
2�x

�
− 	1� + sin
2�

�
�− 12x� − 	1� at x = t .

�19�

Therefore, we need to consider higher order terms in Eq. �8�
for constructing the desired interaction potential.

B. Second harmonic term

Considering terms in Eq. �10� up to the second harmonic
term, we have three relevant free parameters: 	1, and 	2, and
c. As a consequence of the local minimum condition, one of
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FIG. 3. �a� Longitudinal interaction potential �u�x�� between two
adjacent PFs when only the first harmonic term in the Fourier series
is taken into account �Eq. �9��. �b� The corresponding configuration
energy of the B-lattice MT �E�x�� using this potential. On the hori-
zontal axes, x is scaled by � and energies are plotted in arbitrary
units. Arrows in each �a� and �b� correspond to the value of x in the
B-lattice structure.
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these parameters can be fixed by using Eq. �11�. To deter-
mine the other two parameters, one can employ the global
minimum condition. Consequently, for a successful interac-
tion potential there is no way that other possible 13-PF mi-
crotubule structures have configuration energy less than the
experimentally observed �12,1�2 B-lattice structure. We uti-
lize this criteria to eliminate the set of 	1 and 	2 which do
not satisfy the global minimum condition. In the form that
we absorbed the free parameters in phases of the sine func-
tions �Eq. �10��, the parameters, 	1 and 	2, are bound which
allows for the possibility to scan the phase space to find the
answer.

C. Scanning the phase space spanned by two free parameters

According to Eq. �10� and Eq. �11�, 	1 and 	2 have the
periodicity of 2� and �

2 , respectively. Indeed, a two-
dimensional phase space for 	1 and 	2 should be searched
for reasonable values of the free parameters. Therefore, the
area of the original phase space is 2��� /2. All pairs with
the energy less than E��� have been removed from the list.
We have done this practically by performing a simple code
that contains the following stages:

�1� All possible values of 	1 and 	2 are scanned in two
consecutive loops by 2�

1000 and �
2�1000 mesh lengths, respec-

tively.
�2� For each set of 	1 and 	2, E��� is calculated according

to the last line in Eq. �7�.
�3� In an inner loop the energies of the other 13-PF pos-

sible microtubule configurations, E��xi��, have been calcu-
lated and compared with E���. An “if” statement checks the
validity of E��xi���E��� and interrupts the loop if that is
true. Otherwise, the loop ends with saving the examined pair
of 	1 and 	2 as a possible answer.

This algorithm is applied in the following structures re-
spectively.

�i� �12,1�m single seam configurations. The energy of all
single seam configurations, �12,1�m which satisfies periodic
boundary condition in Eq. �2� have been checked in the first
step. The pair 	1 and 	2 have been removed when even one
x from the interval �0,�� satisfies the condition 12u�x�
+u�m�−12x��E���. Running the code results in a small but
not vanishing area of acceptable pairs of 	1 and 	2 in the
region of two-dimensional search space. Here, 	1 and 	2 are
restricted to 2��0.367,0.615� and � /2�0.970,0.985� regions,
respectively. This is a very tiny region of the original search
space which covers only 0.372% of the area of the original
space.

�ii� �13�m seamless configurations. A seamless configura-
tion has equal offsets in the successive PFs. It was com-
monly accepted that MT structures are seamless �23�, until
the seamed structure was experimentally observed in vivo
�14�. In the seamless configuration, the periodic boundary
condition is written as 13x=m�, where m is an integer in the
�0,12� interval. Therefore, only 13 seamless configurations
are geometrically possible. For any pair of 	1 and 	2, we
have checked the global minimum condition, E��xi��E���,
for only 13 different values of x. This makes the area of
acceptable parameters a little narrower, that is, 0.37% of the
original phase space.

�iii� �n ,13−n�m double-value configurations. To general-
ize the seamed configurations which were experimentally ob-
served in Ref. �14�, two different values of x have been con-
sidered, so that the periodic condition is written as

nx1 + �13 − n�x2 = m� , �20�

here n is an integer. Obviously, n=0 and n=1 yield the above
two studied configurations. The above equation is also sym-
metric for x1 and x2. Thus the range of n values reduces to
�7,11� range. Considering the global minimum condition,

nu�x1� + �13 − n�u�x2�  E��� , �21�

eliminates only a few number of pairs in this step. This
makes the area of acceptable parameters 0.369% of the origi-
nal phase space.

�iv� Other complex configurations. By considering the
configurations which have three or four numbers of different
x’s, the procedure of eliminating nonproper pairs can be con-
tinued. For three-valued configurations we have examined all
pairs of parameters in a similar way. Three-valued configu-
ration is referred to as �n1 ,n2 ,13−n1−n2�m notation. As we
discussed in the preceding section, truncating Fourier series
on its second harmonic term guaranteed that a minimum en-
ergy configuration never takes more than four different x’s.
In fact, the most general configuration has �n1 ,n2 ,n3 ,13
−n1−n2−n3�m notation. Looking on the last two structures
no pairs of free parameters were eliminated. Therefore, the
area of phase space of the meaningful pairs, remains at small
portion obtained by considering previous double-valued con-
figurations.

D. Most significant parameters

The procedure in Sec. IV C demonstrates that a reason-
able longitudinal interaction potential between two PFs can
be obtained by considering only up to the second harmonic
term. Furthermore, we have shown that there are more than
one pair of 	1 and 	2 that satisfy the global minimum con-
dition. Fortunately, all acceptable pairs of parameters are lo-
cated in a very tiny region of 	1-	2 space.

It is frequently believed that the �12,1�2 B-lattice struc-
ture is the most abundant form of naturally occurring MT
�24�, while other structures are only rarely found in vitro.
Accordingly, this structure should be very stable. This allows
us to search in an even smaller 	1 and 	2 phase space. There
are, in fact, two criteria that justify the reduction of param-
eter search space. First, since there is one seam on the most
stable MT structure, we guess that our interaction potential
should have two minima, one precisely at t and the other one
at around t�. We will prove this when we discuss the skewed
MT structure results. Second, one way to choose the most
significant pair parameters is maximizing the energy gap be-
tween the ground state and nearest local minima. Performing
the latter criteria, the most significant choice for the param-
eters become 	1=2��0.367 and 	2=� /2�0.980.

Figure 4�a� exhibits the suggested form of the interaction
potential between PFs. The landscape of the total energy,
E�x�, for single seam structures corresponding to this poten-
tial is also shown in this figure. To show u�x� and E�x� in the
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same panel we scaled E�x� by arbitrary energy units. Figure
5�a� depicts an instance of annealing Monte Carlo simulation
results with employing �	1 ,	2� pair. Offsets yield a B-lattice
structure with 12 regular x’s at 9.35 Å and one irregular x at
49.80 Å along the seam.

Sept et al. have recently investigated the lateral and lon-
gitudinal interaction potentials between PFs by considering
more relevant physical interactions �17�. In this study, they
have taken into account both Coulombic and hydrophobic
�surface tension� interactions among proteins in the neigh-
boring PFs. Despite some differences, their interaction po-
tential is very similar to the interaction potential obtained
here. Triangular symbols in Fig. 4�b� exhibits their results
�25�. Furthermore, their interaction potential data points are
restricted to the 2 Å resolution that they have used. Their
interaction potential does not satisfy the local minimum en-
ergy condition �Eq. �5�� for the values of offsets which we
have assumed for the �12,1�2 B-lattice structure. The differ-
ent slopes on the symbolled curve at t=9.35 Å and t�
=49.80 Å in Fig. 4�b� show this variance.

However, we have employed an annealing Monte Carlo
simulation using Sept et al. interaction potential. This simu-
lation results showed that the global minimum energy con-
figuration of the interaction potential is a single seamed
B-lattice structure with slightly different offset values, i.e.,
12 tS=9 Å and one tS�=52 Å �see Fig. 5�b�� which are the
same as reported in �17�.

To be confident that different values of the offsets are the
main source of the difference in the interaction potentials, we
repeated all of the above procedures and constructed the in-
teraction potential to find the interaction potential using tS
=9 Å and tS�=52 Å. The results are exhibited in Fig. 4�b�.
The smooth curve depicts, u�x�, and the rough curve corre-
sponds to the total energy. As can be seen from Fig. 4�b�, the
results are very similar to those obtained in Ref. �17�. It
should be noted that neither the energy reference nor the
energy scale can be specified within our algorithm. Also, by
ignoring higher harmonics in the Fourier series, some details
are expected to be lost.
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FIG. 4. �Color online� �a� Proposed longitudinal potential �u�x��
between two adjacent PFs �gray� and the corresponding configura-
tion energy �E�x�� for a B-lattice MT �black�. �b� The same as
above except that the offsets are taken from Ref. �17� which are
slightly different offsets from the ones in the B-lattice structure.
Picking just this minimal information, the full atomic potential
�17,25�, red triangles, is obtained. All energies except for the Sept
et al. potential are shown in arbitrary units.

FIG. 5. �Color online� �a� The time trajectory of annealing
Monte Carlo simulations for offsets �x� and total energy �E� using
proposed interaction potential. As it is expected, a B-lattice struc-
ture with 12 regular x’s at 9.35 Å and one irregular x at 49.80 Å
along the seam is achieved. �b� Same as above, except that the
interaction potential in Ref. �17� has been used.
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V. SKEWED MICROTUBULE STRUCTURES RESULTS

So far, since �12,1�2 was a nonskewed MT structure, our
calculations were independent of skew angle. Therefore, set-
ting �=0 in the generalized form of the interaction potential
for �12,1�2 structure �Eq. �10��, Eq. �17� yields u��t�
=u��t��=0. As a result there are two minima at t and t� for
the interaction potential u�x�. This is true for all acceptable
values of the remaining phase parameters within the numeri-
cal errors.

To estimate the bending rigidity of PFs, 
, we need to
specify two more variables using experimental data for
skewed MT structures. According to the cryoelectron micros-
copy observations, the �13,1�2 structure is the second most
observed structure, the first being the �12,1�2 B-lattice struc-
ture. For the �13,1�2 structure �=−0.68° and t=9.27 Å have
been reported �15�. Substituting these values in Eq. �17�
yielded 
=4.373�106 in an arbitrary energy unit.

Monte Carlo simulation for skewed microtubule struc-
tures. An annealing Monte Carlo simulation has been em-
ployed to find the minimum energy configuration of each
MT with N number of PFs. We did the simulation using the
interaction potential described in this paper to obtain the
skew angle and offsets. We have only run the simulation for
those MT structures which have been observed in experi-
ments �15�. We have used the experimental data of �12,1�2
and �13,1�2 MT structures, hence the simulation results
should give the correct structures for these two cases.

For each MT configuration, at a given temperature T, lon-
gitudinal offset of a randomly selected PF have been slightly

changing, i.e., xk→xk+�, where � is a random number in the
�−0.05� , +0.05�� range. Then we found the new �,

� = tan−1

m� − �
i=1

N

xi

N�0
,

according to Eq. �14�. The new values of x and � were ac-
cepted by the Metropolis rule. In order to expedite trapping
the system into its global minimum, an annealing process has
been used. To be sure about this trapping, we have repeated
the simulation with different initial values.

The results for t and � in all investigated structures, and
the experimental values for skew angles are reported in Table
I. As can be seen from the table all angles are confined be-
tween −2° and 2°. Except for �11�1, �14�1 and �15,1�2 struc-
tures, our results are in good agreement with experiment
�15�. This could be related to the poor statistics available for
these three structures by experiment. Note that, our method
produced excellent results for the most observed structures,
e.g., �11,1�2, �14�2, and �12�1. The distribution of � angles
for these structures are shown also in Fig. 6. Overall, when
compared to the lattice rotation model �Ref. �15��, our model
is more predictive for skew angles �see Fig. 7�.

VI. CONCLUDING REMARKS

We have introduced an effective potential to describe the
longitudinal interaction between adjacent protofilaments in

TABLE I. Annealing Monte Carlo simulation results for the PF offsets and skew angles in different microtubular structures. Experimental
data and their error bars are taken from Ref. �15�. To compare the notation introduced in the text with the �old� notation of MT structures both
are given in the header row.

↓xk MT→
�10�1

�10-2�
�11�1

�11-2a�
�12�1

�12-2�
�13�1

�13-2�
�14�1

�14-2�
�11,1�2

�12-3�
�12,1�2

�13-3�
�13,1�2

�14-3�
�14,1�2

�15-3�
�15,1�2

�16-3�
�14�2

�14-4�
�15�2

�15-4�
�16�2

�16-4�

x1 8.647� 8.347� 7.986� 7.704� 7.501� 9.320� 9.350� 9.314� 9.079� 8.870� 10.074� 9.591� 9.220�

x2 8.770� 8.357� 8.033� 7.704� 7.467� 9.363� 9.349� 9.290� 9.078� 8.845� 10.090� 9.554� 9.263�

x3 8.739� 8.394� 7.998� 7.728� 7.479� 9.305� 9.348� 9.310� 9.105� 8.843� 10.035� 9.587� 9.188�

x4 8.722� 8.349� 8.018� 7.732� 7.429� 9.333� 9.350� 9.294� 9.087� 8.860� 10.094� 9.591� 9.227�

x5 8.794� 8.335� 8.026� 7.701� 7.419� 9.359� 9.349� 9.314� 9.090� 8.860� 10.114� 9.573� 9.253�

x6 8.766� 8.377� 8.039� 7.696� 7.444� 9.324� 9.350� 9.286� 9.094� 8.853� 10.118� 9.580� 9.188�

x7 8.686� 8.358� 8.022� 7.704� 7.494� 9.333� 9.351� 9.296� 9.087� 49.271� 10.096� 9.548� 9.202�

x8 8.741� 8.373� 7.997� 7.707� 7.421� 9.346� 9.352� 9.284� 9.078� 8.875� 10.106� 9.593� 9.241�

x9 8.735� 8.388� 8.030� 7.732� 7.492� 9.316� 9.350� 9.296� 9.075� 8.857� 10.051� 9.584� 9.203�

x10 8.735� 8.375� 8.045� 7.689� 7.468� 9.350� 9.348� 9.287� 9.087� 8.875� 10.048� 9.570� 9.230�

x11 8.032� 8.379� 7.738� 7.482� 9.318� 9.351� 9.297� 9.101� 8.843� 10.087� 9.551� 9.233�

x12 8.024� 7.724� 7.435� 49.757� 9.351� 9.299� 9.101� 8.856� 10.130� 9.552� 9.232�

x13 7.714� 7.424� 49.801� 9.2187� 9.084� 8.859� 10.092� 9.544� 9.217�

x14 7.458� 49.717� 9.080� 8.851� 10.094� 9.554� 9.220�

x15 49.540� 8.849� 9.582� 9.229�

x16 8.855� 9.222�

�mc�°� −1.186
�0.41

−1.113
�0.33

−1.217
�0.39

−1.655
�0.26

−1.861
�0.25

0.899
�0.37

−0.003
�0.18

−0.682
�0.14

−1.100
�0.31

−1.381
�0.17

1.155
�0.36

1.394
�0.45

1.000
�0.34

�exp�°� −1.50
�0.29

−2.11
�0.27

−1.02
�0.2

−1.64
�0.34

−2.34
�0.39

0.85
�0.12

0.0
�0

−0.68
�0.12

−1.33
�0.16

−0.51
�0.05

0.87
�0.13

1.81
�0.23

1.17
�0.15
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microtubular structures. The only inputs to our model were
the number of protofilaments, the translocation of adjacent
protofilaments in the most observed structures ��12,1�2�, the
skew angle and translocation of adjacent protofilaments for
�13,1�2 microtubule, and finally the width and the height of
the tubulin dimers. We have employed annealing Monte
Carlo simulation to reproduce microtubule structures with
our proposed interaction potential. Moreover, we have gen-
eralized the interaction potential by introducing the bending
elasticity of the protofilaments by considering the skew angle
in �13,1�2 microtubule structure. This new interaction poten-
tial permits us to investigate the skew angles which were in
good agreement with experimentally observed structures
�15�. Although our proposed interaction potential ignores
some interactions details and further developments are
needed, the consistency between our simulation results and
the experiments in this preliminary step is still encouraging.
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APPENDIX

For an isotropic inextensible rod with length L, the bend-
ing energy has the form

UB � �
0

L

d�� dt̂

d�
�2

, �A1�

where the unit tangent vector t̂ indicates the direction of the
curve as it winds through space, and � is the arc length

parameter. In cylindrical coordinates, �� ,	 ,z�, any point on
the curve is shown by vector r�=��̂+zẑ. Then

t̂ =
dr�

d�
=

d�

d�
�̂ + �

d	

d�
	̂ +

dz

d�
ẑ . �A2�

Thus for a helical curve with constant skew angle � �angle
between t̂ and ẑ� and radius R, we have

t̂ = R
d	

d�
	̂ +

dz

d�
ẑ = sin���	̂ + cos���ẑ . �A3�

Considering that 	̂ is the only �-dependent variable in the
above equation, we have

dt̂

d�
= − sin���

d	

d�
�̂ = −

sin2���
R

�̂ . �A4�

The elastic bending energy stored in a helical rod with skew
angle � and radius R is given by

UB � L
sin4���

R2 . �A5�

Therefore, considering R=
N�0

2� cos��� for small � angles the first
nonzero term in the PF bending energy is proportional to
�4 /N2.
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FIG. 7. The interaction potential, proposed in the text, is used to
predict the skew angle of protofilaments in different MT structures
by using an annealing Monte Carlo simulation. The results �hori-
zontal axis� are compared with the experimental �vertical axis� data.
Arrows refer to the results of the least experientially observed con-
figurations. The experimental data and their error bars are taken
from Ref. �15�.
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FIG. 6. �Color online� Skew angles distributions, f�m ,��, for
some structures indicated on the legends.
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